Abstract. In this note, we determine which automorphism subgroups of Aut Fq (Fq((x)) ) are corresponding to Zp-extensions or Zp × Zp-extensions of characteristic 0 fields.
Introduction
Let k = F q be a finite field of characteristic p > 0 and let L/K be a totally ramified abelian extension, where K is a local field with residue field k. Then G = Gal(L/K) has a decreasing filtration by the upper ramification subgroups G(r), defined for nonnegative r ∈ R (see [10, IV] ). Since G is abelian, L/K is arithmetically profinite (see [12] ). This means that for every r ≥ 0 the upper ramification group G(r) has finite index in G. This allows us to define the HasseHerbrand function ψ : Let Aut k (k((x))) denote the group of continuous automorphisms of k((x)) which induce the identity map on k. A closed abelian subgroup G of Aut k (k((x))) also has a ramification filtration. The lower ramification subgroups of G are defined by Wintenberger [11] has shown that the field of norms functor induces an equivalence between a category whose objects are totally ramified abelian p-adic Lie extensions L/K, where K is a local field with residue field k, and a category whose objects are pairs (K, G), where K ≃ k((x)) and G is an abelian p-adic Lie subgroup of Aut k (K). In short, if G is an abelian p-adic Lie subgroup of Aut k (k((x))), then there is an abelian p-adic Lie extensions L/K corresponding to (k((x)), G) by the equivalence of categories given by the field of norms functor. Moreover, the canonical isomorphism from Gal(L/K) onto G preserves the ramification filtration [6, 12] . This equivalence has been extended to allow Gal(L/K) and G to be arbitrary abelian pro-p groups by Keating [3] . In the following, we will simply say that G is corresponding to L/K if the extension L/K corresponds to (k((x)), G) by the equivalence of categories given by the field of norms functor.
For σ ∈ Aut k (k((x))), we let
) has infinite order, the sequence {i n (σ)} is strictly increasing and attracts many attentions. In [9] Sen proved that for every n ∈ N, i n+1 (σ) ≡ i n (σ) (mod p n+1 ). In [2] Keating determines upper bounds for the i n (σ) in some cases and in [4, 5] the authors improve Keating's results using Wintenberger's theory of field of norms [11, 12] . These results are base on the fact that the automorphism subgroups correspond to Z p -extensions of characteristic 0 fields in [2, 4] and correspond to Z p × Z p -extensions of characteristic 0 fields in [5] . In this note, we determine which automorphism subgroups of Aut k (k((x))) are corresponding to Z p -extensions or Z p × Z p -extensions of characteristic 0 fields. In the following, we will simply say that an extension L/K is of characteristic 0 if the characteristic of K is 0. Likewise, if the characteristic of K is p, then we say that the extension L/K is of characteristic p.
Motivated by the definition of height of a formal group and height of a p-adic dynamical system [7] , we have the following definition.
2 ). We say that the height of σ exists if lim n→∞ i n (σ)/i n−1 (σ) is finite and denote by
.
Let G be a closed subgroup of Aut k (k((x))). Our main result shows that if G is isomorphic to Z p then G corresponds to a characteristic 0 field extension if and only if every nonidentity element of G has height 1 and if G is isomorphic to Z p ×Z p then G corresponds to a characteristic 0 field extension if and only if every nonidentity element of G has height 2.
The proof of our result is based on the following straightforward consequence of Theorem 4 of [8] . Lemma 1.2. Let L/K be an abelian extension and let G denote the Galois group Gal(L/K).
(
If K is of characteristic 0 with absolute ramification index e, then the mapping σ → σ p induces a homomorphism which maps G(n)/G(n + 1) onto G(n + e)/G(n + e + 1), for all n large enough.
We remark that since G is abelian, every upper ramification break u (i.e. G(u) G(u + ǫ), ∀ ǫ > 0) is an integer (see for instance [10, V] ). Therefore, we can apply Lemma 1.2 to the case where n is an upper ramification break of G. Moreover, if K is of characteristic 0 and Gal(L/K) is a pro-p group, then Lemma 1.2 (2) shows that the mapping σ → σ p maps G(n) onto G(n+e), for n sufficiently large. Therefore, in this case, if there is no nontrivial p-torsion element in G, then the mapping σ → σ p induces an isomorphism between G(n)/G(n + 1) and G(n + e)/G(n + e + 1), for all n large enough. In particular, if n is large enough and n is an upper ramification break of G, then n + e is also an upper ramification break of G.
Z p -extensions
It is well-known that either e is a positive integer or e = ∞ (see for instance [13] ). Moreover, e is a positive integer if and only if the field extension E/F corresponding to the closed subgroup generated by σ is of characteristic 0. In fact, in this case, e is the absolute ramification index of F . If e is finite, then it's clear that lim n→∞ (i n (σ)/i n−1 (σ)) = p. That is Height(σ) = 1. In this section, we will show that the converse is also true. Thus, for the case σ ∈ Aut k (k((x))) with Height(σ) = 1, the closed cyclic group generated by σ corresponds to a Z p -extension of characteristic 0 field.
We prove this by contradiction. Suppose that the corresponding Z p -extension is of characteristic p. Then it is also true that the Z p -extension corresponding to the closed subgroup H generated by σ p n is of characteristic p. By considering the ramification groups of H, we have σ
and φ H (i n+1 (σ)) are upper ramification breaks of H and hence we can apply Lemma 1.2 (1) to get σ
This says that
and hence contradicts to the assumption that lim n→∞ in(σ) in−1(σ) = p. Conversely, suppose that G is corresponding to a characteristic 0 field extension E/F with e = v F (p) being the absolute ramification index of F . By the definition of lower ramification group, for every n ∈ N, σ
, for every ǫ > 0. On the other hand, by Lemma 1.2 (2) and the remark following it, when n is large enough if we let u = φ G (i n (σ)), then u + e is an upper ramification break of G. Moreover, since σ
In other words, u + e = φ G (i n (σ)) + e = φ G (i n+1 (σ)), and hence
because G is isomorphic to Z p . This is true for all n large enough. Therefore, we conclude that there exists m ∈ N such that for all n > m,
This shows
We summarize this result as the following.
) is a closed subgroup generated by σ which is isomorphic to Z p . Then the following are equivalent: (1), (2) and (3) by any nonidentity element τ ∈ G. This is because the closed subgroup of G generated by τ is a finite index subgroup. In other words, we shows that the Z pextension corresponding to G is of characteristic 0 if and only if every nonidentity element τ ∈ G has Height(τ ) = 1.
Z p × Z p -extensions
In this section we extend the result of the previous section to the case that G ⊆ Aut k (k((x))) is isomorphic to Z p × Z p . In this case we show that every nonidentity element of G has height 2 if and only if the Z p × Z p -extension corresponding to G is of characteristic 0.
Let G be a closed subgroup of Aut k (k((x))) which is isomorphic to Z p × Z p and suppose that for every nonidentity element σ ∈ G we have lim n→∞ i n (σ)/i n−1 (σ) = p 2 . Again, we use method of contradiction to show that the Z p × Z p -extension corresponding to G is of characteristic 0. First, suppose that the corresponding Z p × Z p -extension is of characteristic p. Then for any two linearly independent elements σ, τ ∈ G, since σ, τ is a finite index subgroup of G (we use σ, τ to denote the closed subgroup of G generated by σ and τ ), the field extension corresponding to σ, τ is also a characteristic p field extension. Similarly, for m, n ∈ N, the Z p ×Z p extension corresponding to σ p n , τ p m is also of characteristic p. We consider several cases.
For a given nonidentity σ ∈ G, we first suppose that for every N ∈ N, there exist n, m > N and τ of G such that i n (σ) < i m (τ ) < i m+1 (τ ) ≤ i n+1 (σ). Notice that the field extension corresponding to the closed subgroup H = σ 
Therefore by i n+1 (σ) ≥ i m+1 (τ ) and i m (τ ) > i n (σ), we have
Since for every N ∈ N, this is true for some n > N , it contradicts to the assumption that lim n→∞ in(σ) in−1(σ) = p 2 . Now suppose that for every N ∈ N, there exist n, m > N and τ of G such that i n (σ) < i m (τ ) < i n+1 (σ) < i n+2 (σ) ≤ i m+1 (τ ). Notice that the field extension corresponding to the closed subgroup H = σ p n , τ p m is also of characteristic p. By considering the lower ramification subgroups of H, we have
and hence
Since for every N ∈ N, this is true for some n > N , it contradicts to the assumption that lim n→∞ in+1(σ)
in(σ) = p 2 . Now we only have the following two cases to consider:
(1) There exists N such that there is neither m, n > N nor any nonidentity τ ∈ G such that i n (σ) < i m (τ ) < i n+1 (σ). (2) There exists m, n ∈ N and a nonidentity τ ∈ G such that i n+j (σ) < i m+j (τ ) < i n+j+1 (σ), for all j ∈ N. For the case (1), there exists N ∈ N such that
Then by the contrapositive assumption, the field extension corresponding to H is also of characteristic p.
This is true for all n > N , and hence it contradicts to the assumption that Height(σ) = 2. For the case (2), for every j ∈ N, let H = σ p n+j , τ p m+j and by considering the ramification subgroups of H, we have
Again, by the contrapositive assumption, the field extension corresponding to H is of characteristic p, and hence by Lemma 1.2 (1) This says that
Since lim j→∞ i n+j+1 (σ)/i n+j (σ) = p 2 , for every 1 > ǫ > 0, there exists j large enough such that
Without lose of generality (switching σ and τ if necessary), for every N ∈ N and 1 > ǫ > 0, we can find j > N such that i m+j (τ ) < (p + ǫ)i n+j (σ) and hence by Equation (3.1), we get
This contradicts to the assumption that lim j→∞ in+j+1(σ) in+j (σ) = p 2 , for p ≥ 3. For the case p = 2, considering the ramification subgroups
Again by the assumption that the corresponding field extension is of characteristic 2, we have φ H (i n+j+2 (σ)) ≥ 2φ H (i n+j+1 (σ)) and deduce that
Again, without lose of generality, for every N ∈ N and 1 > ǫ > 0, we can assume there exists j > N such that i n+j+1 (σ) > (4−ǫ)i n+j (σ), i m+j+1 (τ ) < (4+ǫ)i m+j (τ ) and i m+j (τ ) < (2 + ǫ)i n+j (σ). Therefore, by using i m+j (τ ) > i n+j (σ), we get
This contradicts to the assumption that lim j→∞ in+j+2(σ) in+j (σ) = 2 4 . We complete the proof of showing that if every nonidentity element of G is of height 2, then the Z p × Z p -extension corresponding to G is of characteristic 0.
Conversely, suppose the field extension E/F corresponding to G is of characteristic 0 with e = v F (p) being the absolute ramification index of F . Then since there is no p-torsion element in G, by Lemma 1.2 (2) and the remark following it, there exists an N such that the raise to p-th power map G(u)/G(u + ǫ) → G(u + e)/G(u + e + ǫ) is an isomorphism for all u > N . In other words, there exists N ∈ N such that for every upper ramification break u > N , [G(u) : G(u + ǫ)] is either always 2 or always 1. For simplicity, we call the former depth 2 case and the latter depth 1 case.
For depth 2 case, it means that for every σ, τ ∈ G, there exists n, m ∈ N such that i n+j (σ) = i m+j (τ ) for all j ∈ N. Therefore, for every σ ∈ G, we choose another τ ∈ G so that G[i n (σ)] = G(u 1 ) = σ 
